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Schematic phase diagram of a phase separating alloy 
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Theoretical approaches to simulations  
of precipitation kinetics 

• Kinetic Monte Carlo approach (KMCA): The most reliable  

  but time consuming, lattice misfit effects cannot be easily  

  taken into account 

 

• Phase field method:   is widely used, but continuous  approximation 

  and mean field or CALPHAD thermodynamic potentials may   

  lead to errors, while treatment of fluctuative terms appears to be arbitrary. 

 

• Stochastic statistical approach (SSA): consistent and  

   computationally efficient 
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Classical theory of nucleation 
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Some experimental data on precipitation of copper  

 in Fe-Cu–based steels 

1
.5

 a
t.

%
 N

i
0
.3

 a
t.

%
  

N
i

Before ageing 100hrs           1000hrs           3000hrs       10000hrs

1
.5

 a
t.

%
 N

i
0
.3

 a
t.

%
  

N
i

Before ageing 100hrs           1000hrs           3000hrs       10000hrs



A. B. Migdal Memorial Conference “Advances in Theoretical Physics” 6 

Some experimental data on precipitation of copper  

 in Fe-Cu–based steels 
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Generalized Gibbs distribution approach (GGDA) 
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Quasi-equilibrium kinetic equation 
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Stochastic kinetic equation 
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Filtration of noises 
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Equivalence of precipitation kinetics for the vacancy exchange models 
to that for certain direct exchange models 

Vacancy concentration cvi is quite small.  Therefore, the relaxation times for distributions of 

atoms A in an ABv alloy are by factor 1/ cvi larger than the time of the relaxation of vacancies at 

the given distribution of cAi to their equilibrium distribtion cvi{cAi} . The resulting “adiabaticity 

equation” dcvi /dt = 0 can usually be solved either exactly or approximately. It yields: 

   

                                                                           , 

 

where ν(t) is some “spatially self-averaged” function of concentrations cvi and cAi. 

Vacancy trapping and “equivalence theorem” for the Belashchenko and Vaks (1998) model 
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Rescaling of time 

SF model at T = 773 K and c = 1.34 at. 

% 
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Alloy models used for simulations 

Soisson and Fu, 2007 (SF) 

v1 = -1400 + 0.18T,  v2 = -240 + 0.09T,  

u1 = -1470 - 0.09T,  u2 = 510 – 0.05T  

Solid lines – binodals, dashed lines – spinodals. Red lines – pair cluster approximation (PCA), 

green lines – mean-field approximation (MFA), black circles – CALPHAD estimated binodals, 

triangles – points used for simulations 

v1 = -2300, u1 = 1800  

Le Bouar and Soisson, 2002 (LBS) 
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Soisson and Martin (2000) 

This work appears to be the first  
microscopic study of the decomposition 
kinetics in metastable alloys made using 
detailed kinetic Monte Carlo simulations  
for some simple alloy model.  As the  
nucleation barrier and the critical  
embryo size for this model are rather  
large, the classical theory of nucleation  
here is expected to be adequate, and it  
was basically demonstrated in this work. 
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Concentration profiles and parameters of thermodynamic critical  
embryos found using Dobretsov and Vaks (1998) method 

Alloy state s Fc/T Nc 

 

Soisson and  

Martin, 2000 

(blue) 

0.29 7.48 33.8 

SF, T = 773 K  (SF-1) 

c=1.34 % (red) 

0.29 4.38 14.3 

SF, T = 713 K  (SF-2) 

c=1.34 % (black) 

0.35 2.47 10.7 

SF, T = 663 K  (SF-3) 

c= 1.34 % (purple) 

0.43 1.36 8.2 

LBS , T= 1000 K,  

c=1 % (green) 

0.46 0.83 6.2 

SF, T = 561 K, 

c=0.078% (orange) 

0.39 1.1 5.0 

Supersaturation, nucleation barrier Fc 

and the number of atoms in critical embryo Nc 

c(
r)
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Estimating the local equilibrium length l = ga 
from the “maximum thermodynamic gain” principle  
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Estimating the local equilibrium length l = ga 
from the “maximum thermodynamic gain” principle  
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Temporal evolution of the free energy  F(tr) per copper atom and of 
the total number Np(tr) of supercritical precipitates for the  

Fe-1.5%Cu alloy at 873 K 

g0 value: 
Red – 1.3 
Green – 1.25 
Blue – 1.35 
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Temporal evolution of the free energy  F(t) per copper atom and the 
total number Np(t) of supercritical precipitates for the SF-1 model 
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p
(t
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g0 value: 
Purple – 1.55 
Green – 1.5 
Red – 1.45 
Blue – 1.4 
Olive – 1.35 
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Comparison of some results of SSA and KMCA simulations  
For the SF-1 model 
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Kinetics of very first stages of nucleation for SF-1 model 

Evolution of concentration within a plane containing several nucleating precipitates observed 

in SSA simulation for the SF-1 model at the reduced time tr values shown near each frame 

6.4 6.8 6.9 

7.0 7.4 7.9 

ci 
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Kinetics of very first stages of nucleation 

Evolution of concentration within a plane containing several nucleating precipitates observed 

in SSA simulation for the SF-1 model at the reduced time tr values shown near each frame 

20 23 28 

30 33 37 

ci 
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Kinetics of very first stages of nucleation 

Evolution of concentration within a plane containing several nucleating precipitates observed 

in SSA simulation for the SF-1 model at the reduced time tr values shown near each frame 

45 46 47 

48 49 52 

ci 
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Microstructure at various stages of precipitation 

End of nucleation, t = 1000 sec 

SF-1, T = 773 K, c = 1.34 at %;   Simulation volumes  Vs
SSA =(64a)3;   Vs

KMCA= 0.5Vs
SSA 

ci ci 

Just before nucleation, t = 55 sec 
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SF, T = 773 K, c = 1.34 at % 

Beginning of coarsening, t = 2000 sec Coarsening, t = 4000 sec 

ci ci 

Microstructure at various stages of precipitation 
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Precipitation  in Ternary Fe-Cu-Mn alloys 
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cCu 

cMn 
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Simulations II. Evolution of mean size of precipitates <i(t)> and 
total number of supercritical precipitates Np(t) in Fe-Cu and  

Fe-Cu-Mn alloys at T = 873 K and cCu = 0.02 

Solid curve – Fe-Cu 
Dashed – Fe-Cu-Mn 
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Simulations II. Distributions of Cu and Mn atoms at some 
intermediate stage of coarsening in  

Fe-Cu-Mn alloys at T = 873 K and cCu = 2% 

cCu cMn 
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 CONCLUSIONS 

1. The consistent and computationally efficient stochastic statistical        
approach is suggested to study the kinetics of decomposition of 
metastable alloys. 

2. In this approach, description of evolution in terms of certain reduced 
time includes no adjustable parameters. Rescaling of this reduced time 
to the physical time can be made with the use of few constants which 
can be estimated either from comparison to kinetic Monte Carlo 
simulations or from experiments. 

3. For several realistic models of Fe-Cu alloys studied, the results of this 
approach agree well with the kinetic Monte Carlo results. 

4. Application of the methods developed to studies of decomposition of 
Fe-Cu-Mn alloys revealed a great sensitivity of evolution to the values 
of both configurational and kinetic interactions between Mn, Cu and Fe 
atoms. Estimating these interactions from available thermodynamic 
data, we can well reproduce the main microstructural features of 
decomposition of Fe-Cu-Mn alloys observed in experiments by  Miller et 
al. (2003) and Shabadi et al (2010). 


